Abstract. We show that the discrete principal nets in quadrics of constant curvature that have constant mixed area mean curvature can be characterized by the existence of a Königs dual in a concentric quadric.
Introduction
A variety of approaches have been pursued to obtain a notion of discrete minimal and, more generally, discrete constant mean curvature surfaces in Euclidean space and in spaces of constant curvature. Two fundamentally different starting points arise from the physical interpretation of constant mean curvature surfaces as critical points of an area functional and, on the other hand, from an integrable systems viewpoint. One principal difference of the two approaches is that, in the former approach, the underlying combinatorial structure is naturally that of a simplicial surface, cf [13, Def 2] , whereas the integrable systems approach, discretizing particular coordinate systems, demands a quadrilateral structure of the discrete surface, cf [2] .
Restricting to quadrilateral meshes and, in particular, to planar quadrilaterals (discrete conjugate nets) or quadrilaterals that have a circumcircle (discrete curvature line nets), as we shall below, may at first sight appear to be a severe restriction. However, it turns out that every surface patch can be approximated by discrete nets with these properties, cf [4, Sects 5.3 and 5.6] , reflecting the existence of the corresponding parametrizations in the smooth case. In fact, integrable discrete nets and discretizations of their smooth counterparts in computer graphics are often visually indistinguishable, reflecting a particular strength of these integrable discretizations: the fact that these are structure preserving discretizations, respecting key aspects of the geometry. The apparent restriction of topology that is implied by the use of a "global" parameter net can also be overcome, for example, by using more general "quadgraphs" (2-dimensional cell complexes with quadrilateral 2-cells) for a discrete domain manifold, where singularities of the parameter net are modelled by vertices with valences different from 4, though this has so far only been investigated in special cases, cf [3] .
Despite their differences -regarding initial approach as well as desired results -the rich theory of constant mean curvature surfaces in space forms suggests exploitation of central properties of the surface class in either approach. For example, the Lawson correspondence between constant mean curvature surfaces in different space forms has been crucial in the construction of simplicial constant mean curvature surfaces in Euclidean space from simplicial minimal surfaces in S 3 , cf [8, Sect 3] , as well as in a definition of constant mean curvature nets in space forms via their conformal deformation 1) (Calapso transformation) as special isothermic nets, cf [6, Sect 5] .
In this paper we provide a simple geometric characterization of discrete constant mean curvature surfaces in spaces of constant curvature from an integrable systems point of view, as "special" discrete isothermic nets.
While there are no conceptual problems arising from the ambient curvature κ in the variational approach, see [13, Def 3] , the original ideas to define discrete constant mean curvature surfaces in Euclidean space from [1, Sect 4] and [9, Sect 5] cannot easily be generalized to curved ambient geometries. A key feature in the integrable systems approach to constant mean curvature surfaces and to isothermic surfaces is the existence of Bäcklund and Darboux transformations, respectively, alongside Bianchi permutability theorems, which allow to construct discrete analogues of the smooth surfaces by repeated transformations. Characterizing (or defining) constant mean curvature surfaces in terms of the isothermic transformation theory, via the existence of distinguished transforms as in [1] and [9] , links in well with the theory and allows to easily specialize the transformation theory of discrete isothermic surfaces to discrete constant mean curvature surfaces. Using the conformal deformation of isothermic nets, these characterizations of minimal and constant mean curvature surfaces in Euclidean space lead to characterizations in space forms via spherical or antipodal Darboux transforms -as long as the Lawson invariant H 2 + κ ≥ 0: from [6] we learn that these distinguished transforms are determined by solving a quadratic equation with discriminant H 2 + κ, so that in the case H 2 + κ < 0 the sought surfaces become complex conjugate.
An alternative characterization of constant mean curvature surfaces in the context of the isothermic transformation theory, via "linear conserved quantities", has recently been given in [6, Sect 5] . While allowing a uniform definition of discrete constant mean curvature nets in spaces of constant curvature and tying in very well with the transformation theory this approach uses the full power of the isothermic transformations, hence lacks the immediacy of the original ideas.
On the other hand, curvatures of circular surfaces with respect to arbitrary Gauss maps based on Steiner's formula were introduced in [14, Sect 3] and [15] . A curvature theory for general polyhedral surfaces based on the notions of parallel surfaces and mixed area is developed in [5, Def 8] , see also [4, Def 4.45] . Embedding an ambient constant curvature geometry into a linear space then allows to define these mixed area curvatures also for discrete conjugate or principal nets in space forms, cf [12, Sect 6.3] , thereby leading to a simple definition of discrete constant mean curvature surfaces in space forms. The necessity 2) to embed the ambient space form geometry into an affine space suggests that, again, Möbius geometry is a natural realm to work in. A purely sphere geometric treatment of constant mean curvature nets and, more generally, discrete linear Weingarten surfaces can be obtained in the realm of Lie sphere geometry, see [7] .
In the present paper we show that the discrete principal nets in a quadric of constant curvature that have constant mixed area mean curvature (see Def 2.3 and 3.2) can be characterized by the existence of a Königs dual in a "concentric quadric" (see Def 3.3) . In this way, we obtain a characterization that is very close to the original definition of constant mean curvature surfaces in Euclidean space from [2] or [9] . On the other hand, we obtain the same class of "constant mean curvature nets" in space forms as have been defined in [6] since they are characterized by constant mixed area mean curvature, see [7] .
Despite the fact that setup and some notions in the text are motivated by Möbius geometric considerations, the key arguments are of an affine nature: both, a quadric of constant curvature (and its concentric quadrics) as well as the Königs dual, rely on a choice of an affine subgeometry of the projective space that Möbius geometry is modelled on. Thus no knowledge of Möbius geometry will be required to follow our main line of thought. However, for full appreciation of the geometric interrelations, some familiarity with Möbius geometry and, in particular, the theory of discrete isothermic surfaces will be useful; for background material the interested reader is referred to [10] . 2.2 Def. A discrete 1-form is a map (ij) → ω ij which assigns values (in a vector space) to oriented edges, so that ω ij + ω ji = 0; an edge function is a map (ij) → g ij which assigns values to unoriented edges, that is,
Given a map i → g i on vertices, its "discrete differential" is obtained by taking differences while the corresponding discrete edge function is obtained by averaging:
Note that dg is a discrete 1-form and that we obtain a discrete Leibniz rule with these notations:
As diagonals of elementary quadrilaterals (ijkl) play a prominent role in our analysis, it will be convenient to denote them by δg ik := g k − g i . 
3) Note that the presented notion of mixed area uses nothing but the linear structure of
To relate our current approach to discrete constant mean curvature surfaces in space forms to the one given in [6] 
Constant mean curvature via Königs duality
Our aim is to classify Königs nets in a quadric so that the Königs dual of an affine projection takes values in the same -or, more generally, a concentric -quadric. It turns out that this leads to a characterization for constant mean curvature nets in space form. A natural problem to consider is a classification of the Königs nets that admit a Königs dual in the same quadric: this captures those constant mean curvature nets in space forms with a Lawson invariant H 2 + κ > 0, in particular, all spherical constant mean curvature nets and non-minimal constant mean curvature nets in Euclidean geometry, cf [6, Sect 4.3] . To obtain a classification of all constant mean curvature nets, including all constant mean curvature nets in hyperbolic geometry, a wider class of ambient quadrics for the Königs dual needs to be considered: for this reason we consider the "concentric quadrics" below. A detailed analysis of the occuring cases will be formulated in Sect 5 below. As a motivation we consider the case of non-minimal constant mean curvature nets in Euclidean geometry:
is an isometry (in the differential geometric sense), cf [ . Thus requiring the dual of (an affine projection of) a Königs net in the quadric Q 3 to take values in the same quadric forces (the stereographic projection of) the discrete net to belong to the subclass of constant mean curvature nets. We shall see that this breaking of symmetry is systemic.
Note that this construction yields a transformation 6) of discrete Königs nets in general quadrics:
if the quadric is given as the projective null-cone of a non-degenerate inner product on R 5 then a choice of a Minkowski plane, spanned by vectors o, q as above, yields via "stereographic projection" a Königs net x : Z 2 → {o, q} ⊥ whose dual in {o, q} ⊥ lifts back to a Königs net in the quadric.
We aim to provide a similar characterization as the one for constant mean curvature nets in R In the presence of a non-degenerate inner product, an affine subgeometry is given by any choice of a non-zero q ∈ R 4,1 via
and the projection
The characterization of Königs duality in Lemma 2.3 now suggests an intimate relation with the mean curvature of a discrete isothermic net defined via mixed areas (2.1):
3 be a conjugate net; we say that a unit vector field n : Z
(see below) is a Gauß map of s if n i ∈ T si Q 3 at all vertices i ∈ Z 2 and s and n are edge parallel, that is, if (n, s) ≡ 0 and dn ij + k ij ds ij = 0 (3.6) on all edges (ij); the coefficients k ij yield the edge principal curvatures of the pair (s, n). Then the Gauß and mean curvature K and H, respectively, of the pair (s, n) are defined by the equations A(n, n) = K A(s, s) and A(n, s) = −H A(s, s).
A discrete conjugate net in a quadric Q 3 of constant curvature is circular, as discussed above, hence always admits a Gauss map in the sense of this definition. Note that both, mean and Gauß curvature, are defined on faces of a conjugate or isothermic net in this way.
In the affine subgeometry of E 4 it also makes sense to consider "concentric quadrics", see Note that we consider the full 2-parameter family of quadrics Q 3 r,t as "concentric quadrics", though we shall see below that generically the family is essentially 1-dimensional when using suitable identifications.
These concentric quadrics lie in parallel affine subgeometries E 4 r , allowing their identification via projection along q. The terminology "concentric" is motivated by the case (q, q) = 0, where the hyperplanes E 4 r inherit a non-degenerate inner product and the points c r := rq (q,q) ∈ E 4 r can be identified with a common centre of the quadrics In the positive definite case (q, q) < 0 we must have t(q, q) < r 2 . In the negative definite case (q, q) > 0 we allow any values of t and r, including the case of the singular quadric with t(q, q) = r 2 . In this way, we obtain "concentric" quadrics of different types in the latter case.
Thus the quadrics Q 3 r,t and Q 3 r ,t with r 2 + tκ = r 2 + t κ can be identified via parallel projection along q.
In the degenerate case (q, q) = 0 the quadrics Q 3 r,t can simultaneously and isometrically be parametrized over the Euclidean space R
as long as r = 0, and after choosing 8) an origin o ∈ Q 3 = Q 3 1,0 for the stereographic projection. This shows that the "concentric quadrics" become a translation family of paraboloids. When r = 0, on the other hand, Q 3 0,t becomes a circular cylinder of radius t > 0 and with isotropic generators. 8) This choice of origin is geometrically irrelevant as it only affects the parametrization up to translation. 9) In the cases (q, q) < 0, where the quadrics Q 3 r,t are homothety equivalent, we could without loss of generality restrict to Q 3 ; in the cases (q, q) ≥ 0 however, the quadrics come in different flavours so that a unified analysis does require this more general setting. In the positive definite case, where s and s * take values in two concentric spheres, this result can alternatively be obtained by a pretty and more geometric argument: restricting focus to the plane containing two corresponding edges ds ij and ds * ij , we obtain a figure of two parallel segments in concentric circles -which therefore form an equilateral trapezoid. 4 admits an affine projection s so that its Königs dual s
* takes values in a concentric 10) quadric (3.7) then s has constant mean curvature H.
In order to prove Thm 3.5 we wish to show that the mixed area mean curvature with respect to a suitable tangent plane congruence t for s is constant. Thus set
and observe that t ∈ {s, q} ⊥ = T s Q 3 ; in particular, (t, t) > 0 unless t = 0 since Q 3 is a Riemannian quadric of constant curvature. As
we learn that t i = 0 at all points i ∈ Z 2 except when s is "self-dual", that is, s * is obtained from s by a homothety and a translation. Excluding this self-dual case, t defines a suitable tangent plane congruence of s in the sense that the pair (s, t) becomes a principal contact element net [4, Def 3.24] or discrete "Legendre map" [7, Def 3.1] as t and s have parallel edges: with the (edge) principal curvatures k ij defined by 0 = dt ij + k ij ds ij , cf (3.6), we obtain
as the common (curvature) spheres associated to an edge. Note that, in the non-degenerate case (q, q) = 0 and denoting c r = rq (q,q) as before,
Thus the mixed area mean curvature of s : Z 2 → Q 3 with respect to n :
t as a Gauß map is now determined from
since A(s, s * ) = A(s, q) = 0. Hence s has constant mean curvature with respect to n, proving Thm 3.5.
10) As the Königs dual is translation invariant "concentric" refers to the type of the target quadric rather than its position.
Königs duality via constant mean curvature
To see that, conversely, every constant mean curvature net s in a quadric Q 3 of constant sectional curvature, given in (3.5), arises via Königs duality in concentric quadrics we shall construct a suitable dual for a given net s : Z 2 → Q 3 with Gauß map n that has constant mean curvature H in the mixed area sense: 0 = A(n, s) + H A(s, s).
Thus we use the "mean curvature sphere congruence" 11) of the pair (s, n) to obtain a prototype Königs dual for s: given by
The sphere congruence z = Rz : Z 2 → RP 4 will be called the mean curvature sphere congruence of (s, n).
Clearly A(z, s) = 0 and (z, q) = H, so that s and z are Königs dual nets in the parallel affine subgeometries of E 4 and E 4 H , respectively, by Lemma 2.3. This proves Lemma 4.1. The converse of Thm 3.5 is now a straightforward consequence:
3 be a discrete isothermic net in a quadric of constant curvature κ with constant mean curvature H with respect to a Gauß map n. Then its mean curvature sphere congruence z projects to a Königs dual net s * = z in a concentric quadric Q 3 r,t .
Namely, (z, z) = 1 so that s and z take values in the concentric quadrics Q 3 and Q yield Königs duals into a family of concentric quadrics. Identifying parallel affine subgeometries via projection along q this is a 1-parameter family: in the non-flat cases κ = 0 we learn from (3.8) that the translation part given by µ plays no geometric role as
whereas this becomes clear from the parametrizations given in (3.9) in the flat case:
In the case H = κ = 0, where s is a discrete Euclidean minimal surface, s * takes values in an isotropic cylinder of radius λ and axis q and projects to the Euclidean Gauß map of the minimal net in R 3 .
Note that we obtain a Königs dual net s * in the original quadric Q 3 = Q 
.
As we have now identified the Königs nets in a quadric of constant curvature that have a Königs dual in a concentric quadric as the mixed area constant mean curvature nets, it follows from [7] that these are precisely the constant mean curvature nets in the sense of [6] .
In fact, our "mean curvature sphere congruence" z is that of [6, net 12) whose existence is characteristic for discrete isothermic nets of constant mean curvature, cf [9, Sect 5] and our starting example. We omit a detailed analysis to substantiate these claims here, as it would require a discussion of the highly non-trivial techniques introduced in [6] , where the reader is referred for further details.
However, as a consequence, examples and constructions of classes of discrete constant mean curvature nets from the latter theory apply in our approach: for example, the discrete minimal catenoid of [11] or, more generally, the construction of discrete constant mean curvature surfaces of revolution in space forms provided there show that our theory is not empty. A less involved example of a dual pair of discrete constant mean curvature nets in the 3-sphere is discussed below.
Discrete cmc surfaces in space forms
Thus we have obtained a characterization of discrete constant mean curvature nets (in the sense of mixed areas) in space forms, that is, simply connected complete spaces of constant sectional curvature (as modeled by our quadrics Q 3 = Q In the case κ = 0 of a non-flat ambient geometry, the latter assertion follows directly from (3.12) as t = (s * − c r ) − (r + κ(s, s * ))(s − c 1 )
while, in the case κ = 0 of a flat ambient geometry, the parametrizations (3.9) reduce (3.10) to t = (x * − rx) − (x * − rx, x) q.
Constant mean curvatures surfaces in space forms come in different types, depending on the sign of H 2 + κ or, equivalently, depending on whether the Gauß equation reduces to the sinh-Gordon equation, the Liouville equation or the cosh-Gordon equation, respectively. We shall see that these types are reflected in the geometry of the Königs dual s * as well. To see this, we first note that H 2 + κ = r 2 +tκ (t,t) using (3.11); in particular, the sign of H 2 + κ is the same as that of r 2 + tκ,
showing that the ambient geometry of the Königs dual s * is related to the sign of H 2 + κ, see (3.8). where λ ∈ R is a parameter, and a the cross ratio factorizing edge labelling of (3.3). In particular, the Darboux transformation only depends on the conformal ambient geometry of an isothermic net, and the defining cross ratio condition is structurally the same as the characterization of isothermic nets via factorizing cross ratios -hence providing a geometric realization of the 3d-compatibility of the cross ratio condition [4] . A given isothermic net in S 3 admits a 4-parameter family of Darboux transforms.
shows that the quadrics Q 
